This paper concerns the relationship between the variability of the daily price change and the daily volume of trading on the speculative markets. Our work extends the theory of speculative markets in two ways. First, we derive from economic theory the joint probability distribution of the price change and the trading volume over any interval of time within the trading day. And second, we determine how this joint distribution changes as more traders enter (or exit from) the market. The model's parameters are estimated by FIML using daily data from the 90-day T-bills futures market. The results of the estimation can reconcile a conflict between the price variability-volume relationship for this market and the relationship obtained by previous investigators for other speculative markets.
INTRODUCTION
THIS PAPER CONCERNS the relationship between the variability of the daily price change and the volume of trading on speculative markets. Previous empirical studies [2, 3, 6, 12, 14, 16] of both futures and equity markets always find a positive association between price variability (as measured by the squared price change Ap2) and the trading volume.2 There are two explanations for the relationship. Clark's [2] explanation, which is secondary to his effort to explain why the probability distribution of the daily price change is leptokurtic, emphasizes randomness in the number of within-day transactions. In Clark's model the daily price change is the sum of a random number of within-day price changes. The variance of the daily price change is thus a random variable with a mean proportional to the mean number of daily transactions. Clark argues that the trading volume is related positively to the number of within-day transactions, and so the trading volume is related positively to the variability of the price change.
The second explanation is due to Epps and Epps [6] . Their model examines the mechanics of within-day trading. The change in the market price on each within-day transaction or market clearing is the average of the changes in all of the traders' reservation prices. Epps and Epps assume there is a positive relationship between the extent to which traders disagree when they revise their reservation prices and the absolute value of the change in the market price. That is, an increase in the extent to which traders disagree is associated with a larger absolute price change. The price variability-volume relationship arises, then, because the volume of trading is positively related to the extent to which traders disagree when they revise their reservation prices. ' We are grateful to Kal Cohen, Ronald Gallant, John Geweke, Dan Graham, Christopher Sims, T. Dudley Wallace, and the participants of the Triangle Area Econometrics Seminar for many helpful suggestions.
2Cornell [3] offers considerable empirical documentation on how pervasive the relationship is. His explanation is very similar to that of Epps and Epps [6] .
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The Clark and Epps and Epps models are complementary and they give considerable insight into the behavior of speculative markets. Yet, even when taken together, the two models provide a description of speculative markets that is incomplete and can be extended in two directions. First, both models work with the conditional distribution of the square of the price change over a short interval of time, Ap2 The theory of speculative trading as currently formulated cannot explain this gentle decline in the variance of the daily price change given the explosive growth of the trading volume. The purpose of this paper is to derive and estimate a more general model of the price change and the trading volume on speculative markets. Like the Epps and Epps model, our model begins with an equilibrium theory of within-day price determination. A major difference between the two models is the way in which we connect the price change to the trading volume. Epps and Epps's key assumption gives them a nearly exact positive relationship between the absolute value of the change in the market price and the trading volume on each within-day market clearing. We do not invoke their assumption. Instead, we use a variance-components scheme to model the within-day revisions of traders' reservation prices. This ailows us to derive the joint probability distribution of the price change and the trading volume for each within-day market clearing. Adding the random number of within-day price changes and volumes gives the daily values of each variable. The result is a bivariate normal mixture model with a likelihood function that depends only on a few easily interpreted parameters.
The model can explain both the results of previous studies and the anomalous data displayed above. If the number of traders is fixed, which is a reasonable assumption for the mature markets studied by others, then the model predicts that the distribution of the daily price change is leptokurtic and that the square of the daily price change is positively related to the daily trading volume. If the number of traders is growing, which is the case in the 90-day T-bills futures market, then the model predicts that the mean trading volume increases linearly with the number of traders. The reason is that the trading volume is one-half of the sum of the absolute changes in the traders' positions; another trader contributes another term to the sum. The model also predicts that the variance of the price change decreases with more traders. The reason for this is that the market price change during a single market clearing is the average of the changes in the traders' reservation prices. More terms in the average tend to wash out the effects of inter-trader differences.
Though the model we derive and estimate can explain many of the stylized facts for new markets and for established markets, there is a natural direction in which further extensions of the model are possible. Specifically, we assume that each trader acts in the same fashion regardless of the total number of traders in the market; e.g., a typical trader acts in the same fashion whether there are 1, 000 or 10, 000 other active traders in the market. By doing so, we can prove that the average trading volume per trader is independent of the total number of traders and that it depends on only a few simple parameters. This result is particularly helpful in implementing and interpreting the empirical work. There is, however, another class of full-equilibrium rational expectations models [5, 7] which suggest that there is an interaction effect among the traders, and that at a fixed point in time the number of futures contracts per trader may decline as the market expands. This in turn suggests, but still requires formal proof, that the average trading volume per trader (the volume is the number of contracts that change hands per unit time) may decline as the market expands. In Section 5 we show that there is some evidence in favor of this effect, though the effect appears to be small relative to the direct expansion of the market. Indeed, it has to be small, for otherwise the market would implode and trading would cease as more traders enter the market, and this certainly did not happen to the 90-day T-bills futures market.
Section 2 describes the model in more detail. Section 3 applies the model to daily data for the 90-day T-bills futures market. Section 4 contains results about the price variability-volume relationship. Section 5 includes further discussion and suggestions for subsequent research. Section 6 contains the concluding remarks. The expressions (7b) and (7c) are the key to our resolution of the paradox generated by the data displayed in the introduction. As the number of traders grows secularly over days, Var[AP1] declines monotonically to its asymptote a2,. Since APi is an average the effects of disagreement get washed out; only the common component of the reservation price increments matters in the limit. In contrast, the mean volume of trading grows linearly with J. The absolute values that comprise the sum for Vi in (6) magnify the effects of inter-trader differences in the increments to the reservation prices. 
The Joint Probability

The Data
The sample is described in more detail in the Appendix. It consists of 876 observations on the daily price change and volume of trading on the 90-day T-bills futures market. In work that is too lengthy to report on in detail here, we were able to verify many of the known facts about the marginal distribution of the daily price changes. Specifically, for the full sample and for various subdivisions of the sample we found that the price changes have mean zero, they are serially uncorrelated, and their frequency distribution is leptokurtic. Table 11, p. 144] . These regressions, however, are very inefficient because they ignore most of the structure imposed by the theory. In particular, the error terms in these regressions are heteroskedastic.
Preliminary Tests
Maximum Likelihood Estimation
The theory of arrival times and Clark's work suggest that the Poisson and the lognormal distributions are natural candidates for the marginal distribution of the mixing variable. We carried out all estimation using both distributions. The parameter estimates were very similar, though the lognormal usually gave likelihoods five to ten times higher than the Poisson. Table I , we see that A2 increases by a factor 17.4 while 62 increases by a factor of 11.3. The model predicts that these two parameters are proportional to JE[I] and IJE[I, respectively, so their growth can be explained directly by expansion in the number of traders, J, and by any indirect effect that more traders have on the mean of the mixing variable. Note that the square root relationship does not hold exactly. If it did then the parameter 62 should increase by a factor of 17.4 = 4.2, instead of by a factor of 11.3, though it is true that 62 grows more slowly than ji2, which is a qualitative prediction of the model. Now contrast the rapid growth in the volume parameters to the behavior of 61, which is the standard deviation of the daily price change. The parameter 61 shows a slight tendency to drift downwards over the sample period. This finding is consistent with the expression (7a) for the variance of the within-day price change, though the last estimate of 6, is well above the downward trend line. Most important, however, is the finding that the price variability does not increase with the growth in the trading volume as the previous price variabilityvolume studies would suggest.
Examination of the right-most column in Table I evidence for drift over the sample period in the parameter 9. By itself, however, this finding does not mean that the marginal distribution of the mixing variable is constant over the sample. Because of the need for the normalization (10), any drift in the mixing variable that leaves its coefficient of variation unchanged will not affect the parameter 9. For instance, suppose I = h(J)It where h is increasing in J and Jt is distributed independently of the number of traders. In this setup the coefficient of variation of I is independent of J, and so 9 will not change as J trends upwards. This kind of drift in the mixing variable has probably taken place over the sample period, but there is evidence that it cannot be too important relative to the direct expansion in the number of traders. From (7b) and (10a), the standard deviation of the daily price change can be written -a
E[Ij = E+ aI/J)h(J)E[It]
If h(J) is rapidly increasing in J, then so is al and this does not appear to be the case in Table I Table I . Convergence to the global maximum always obtained from other starting values as well. Table II reports the parameter estimates for this procedure applied to the entire 876-day sample. As the theory requires, the parameters /,B through /34 are all significantly positive. The estimate of 8 is statistically significant, though the estimate is so small that the contribution of the logistic term in (13) 
Model Evaluation and Residual Diagnostics
The major differeince between this model applied to the full sample and the subinterval estimation is that the theory has allowed us to compress all of the structural changes in the market's characteristiCs into a few elementary functions of timie. It is interesting, then, to determine how well the estimated model capttures the general trends over the period in price variability and the trading volume. Table III The table also shows R 2 statistics which were computed as one minus the residual sum of squares divided by the total sum of squares about the mean of the corresponding dependent variable.
Several conclusions emerge from examination of Table III . First, the predicted values from the estimated model match reasonably closely the general trends in the data that are suggested by the regression equations. There is evidence for a very gentle (lecline in price variability coupled with a strong upward trend in the trading volume. The R 2s for the estimated model are very close to those for the regression equations, indicating that the model does not miss any of the important trencd variation in the data. Note, though, that the R 2S for the explanation of the squared price changes are very small, less than .01, which is an indication of how extremely volatile the daily price changes are and how difficult it is to detect general trends in price variability. Comparison of the sample means of the actual and predicted values shows that the estimated model has a very slight tendency to overpredict the trading volume, while it has a more noticeable tendency to underpredict the price variability. The mean of the residuals from predictiig the Ap2,S is .062 which is roughly 13 per cent of the sample mean of the AP2's. Finally, note that both the regression equation and the estimated mo(lel underpredict 2p at the very end of the sample. The displayed estimate of a2. however, is not conditional on the volume, and near the end of the sample there were a few trading days in which the volume was exceptionally heavy and the price change large in absolute value. These trading days can be thought of as days in which, by chance, the realizations of the mixing variable were exceptionally large. (Note that the model also underpredicts the volume at the end of the sample.) While this findinig does cast some doubt on our assumption that the mean of the mixing variable is constant over the entire period, inspection of residual plots indicated the observations for these few days were not so extreme as to be considered outliers, and that they were consistent with the normal stochastic fluctuations in the data. Although the estimated model provides a reasonably adequate description of the general trends in price variability and the trading volume, further diagnostic work with the model's residuals indicated that there is additional unexplained non-trend variation in the data. Specifically, we conducted two tests for autocorrelation in the model's residuals: the nonparametric runs test and the DurbinBartlett test based on the cumulative periodgram. For the Ap2 residuals, the test statistics were jlust under the one per cent critical points, while for the volume residua's test statistics were much further below the one per cent critical points. Inspection of the residuals' spectral densities indicated that the spectral masses are concentrated at the lower frequencies. The source of the autocorrelation is probably nondeterministic low-frequency noise in both the number of traders and the rate at which new information flows to the market (i.e., the mean of the milxlng variable). There is no conceptual problem in taking this autocorrelation into a.ccount. We could specify low-order ARMA models for these noises and deduce the sample likelihood function. The computational burdens are insur- mountable, however, because the nonlinearity of the model would force us to evaluate many times over an 876-dimensional integral. Nevertheless, even though we cannot correct for it, the autocorrelation is probably a very weak threat to the statistical validity of the results because the sample size is so large. Note that the standard errors for the full sample results in Table IL are very small as are the standard errors for the subinterval results in Table I , where the autocorrelation is not a problem. The model can also be evaluated by using the data in Table IV to which traders disagree when they respond to new information; and (iii) the number of active traders in the market. In our empirical work we treat, admittedly as a first approximation, factors (i) and (ii) as constant over time and focus directly on the overall expansion of the market. By doing so we can reconcile most of the stylized facts for the new and growing 90-day T-bills futures with the findings of many other studies. Nonetheless, there has to be some error introduced by holding the first two factors constant. Indeed, the autocorrelation in the model's prediction errors can in part be explained by slow-moving forces that determine the rate of flow of new information to the market. One of the more interesting ways in which our model errs is that when its predictions are compared to the available, albeit limited, survey data (see the last part of Section 3.5), the model underestimates the proportionate increase in the number of traders between the two survey dates. The recent theoretical work by Diamond and Verecchia [5] and Grossman and Stiglitz [7] can help explain why this occurs. Specifically, these models with rational expectations, but noisy private information, suggest that as the market expands the market price becomes a more accurate predictor of the ultimate price of the contract, since the price is averaging the forecasts of more traders. As traders become aware of the increased precision of the forecast implicit in the market price, we might expect the extent to which they disagree in response to new information would decline as the market expands. The relevance of this effect is as follows. Our theoretical work shows that the average daily volume is proportional to three terms:
E[ V] = (constant). pa,J
where p, is the average daily rate at which new information flows to the market, ox, measures the extent to which traders disagree in response to the information, and J is the number of active traders in the market. In our empirical work we treat , and a,, as constants, whereas the above-cited work suggests that ox may decline with more traders. With y1 and a, treated as constants our estimate of the proportionate increase in the number of traders is essentially the predicted proportionate increase in the average daily volume between the two survey dates. But this method gives an estimate of the proportionate increase in the number of traders that is about three-fourths of the actual proportionate increase. In other words, the actual number of traders increased proportionately more than E [ V]." Therefore the product, ,,, must have declined (by about twenty-five per cent). Now, if p, changes secularly over the sample period it surely trends upwards, i.e., the rate of flow of new information increases with more traders. Hence, the facts can only be reconciled if the disagreement parameter, a,,, has declined somewhat over the sample period, which is consistent with implications of the other theoretical work.
The theoretical work on speculative trading under rational expectations has not, however, progressed to the point where effects like this can be taken into account explicitly in empirical work. What is needed is the theory of how the stochastic specification of both the rate of flow of new information and traders' reactions to the information change as more traders enter the market. In addition, it is desirable ultimately to make the number of traders endogenous, i.e., to have a theory of the trivariate joint distribution of the price change, the trading volume, and the number of traders. The Grossman and Stiglitz model is a step in this direction, but it is not yet suitable for direct application to data. The techniques we use in proving the Proposition in Section 2 may prove helpful in this endeavor, because our methods show how to derive from economic theory the likelihood function that is required for estimation.
CONCLUSION
Three firm conclusions emerge from our work. First, it is possible to derive from a simple economic model of speculative trading the parametric form of the joint probability distribution of the price change and the volume of trading on speculative markets. The joint distribution incorporates all relevant information about the price variability-volume relationship. Once the parameters of the distribution have been estimated by maximum likelihood, then the functional form of the conditional expectation of the squared price change given the volume is known. There is no need for numerous exploratory regressions in order to determine the correct functional form. Second, our applied work suggests that if the volume of trading is strongly trended over the sample period, then the results of a price variability-volume study can be very misleading. A sharp rise in the number of traders in the market can conceal most, and perhaps all of the relationship between the squared price change and the volume of trading. At a minimum, then, any variance-volume study should include preliminary tests for trend in the volume of trading. Finally, the diagnostic work with our model's prediction errors indicates, but by no means confirms, that there is some validity to the predictions about market expansion that are suggested by the newer rational expectations models which incorporate noisy private information. We encourage, then, further development of these models to the point where they can be applied directly to price and volume data. 
